Abstract. Foliations with large, but finite, automorphism groups are classified. This is achieved in two instances. The first by investigation of invariant loci and the second by giving a Molien type formula to describe G-invariant foliations for a given group G. As a consequence of this classification, a new bound for the order of such automorphism groups is established. The integrability of these foliations is also discussed.
Introduction
The presence of symmetries has been used to understand some relevant problems in holomorphic foliation theory, especially concerning integrability. For instance, it is used on the construction of Jouanolou's foliations, [8] , which play an important role in the proof of the density of foliations on the complex projective plane P 2 without invariant algebraic curves. In [11] this relation between automorphism groups and integrability was explored and put into more concrete terms. Under mild assumptions, a foliation with rich automorphism group either has a Liouvillian first integral or does not admit invariant algebraic curves.
A new perspective for the study of these automorphism groups arises after the birational classification of foliated surfaces given, independently, by McQuillan and Mendes, [3] . This is a foliated counterpart of the classical Enriques-Kodaira work on surfaces. From the works of Klein and Hurwitz for curves and the work of Andreotti for surfaces, the question about the finiteness of automorphism groups of foliations appears naturally. In 2002, Pereira and Sánchez [12] proved a foliated version of Andreotti's theorem: foliated surfaces of general type have finite selfbimeromorphism groups. Then arises the question: how large these groups can be?
In 2014, Corrêa and Fassarella [5] obtained an exponential bound for foliations with ample canonical bundles and finite automorphism groups, not necessarily of general type. In [6] , Corrêa and the author improved this bound in several cases. In the particular case of foliations on the projective plane, they proved the following: Theorem 1.1 (Theorem 4.9 in [6] The last three entries in Table 1 comprise foliations already described in the literature. They appear in [9] as examples of reduced convex foliations. These are, respectively: the Fermat foliations F d , the Hesse pencil of cubics H 4 and the foliation H 7 associated to the extended Hesse configuration of lines. The other foliations will be described in the last section of this paper.
We can derive two facts from Table 1 . The first one is that every foliation there is integrable. The second one is that, except S and H 4 , each foliation satisfies This paper is organized as follows. Section two is dedicated to establish the basic definitions and results of foliation and groups that we will need. In section three we will study the foliations invariant by imprimitive groups. In section four we develop a Molien-type formula, Theorem 4.1, that will be used to analyse the representations of the primitive groups. This will lead to a classification of foliations with large primitive automorphism groups, in section five. In section six we collect the results proved so far to establish the Theorem 1.2 and finally make further remarks in section seven.
Acknowledgements. The author is grateful to Jorge Vitório Pereira, Maurício Corrêa, Rafael Bezerra and Thiago Fassarella for enlightening suggestions and conversations. This work was supported by CAPES/PNPD postdoctoral fellowship.
Preliminaries

Foliations on P
2 . A singular holomorphic foliation by curves, foliation for short, on P 2 is given by a holomorphic global section of T P
up to scalar multiplication. These sections are described with the help of the Euler sequence
induced by the natural inclusion of the tautological line bundle O P 2 (−1) in the trivial bundle of rank 3. Tensorizing the Euler sequence with O P 2 (d) and taking the long exact sequence of cohomology,
If w is another homogeneous vector field of degree d, it induces the same foliation as v if and only if there exist α ∈ C * and P a degree d − 1 homogeneous polynomial such that w = αv + P R, where
the radial vector field. We say that the foliation F defined by v has a singularity at a point p ∈ P 2 if v p is parallel to R p or, equivalently, any local vector field defining F around p vanishes at this point. Up to dividing A, B and C by its gcd, we can always assume that F has isolated singularities. In this case, number d is also called the degree of F . The singular set of F will be denoted Sing(F ).
Let C ⊂ P 2 be a curve of degree defined by a reduced equation
2.2. Index Formulae. Next we recall some numerical invariants concerning the singularities of a foliation. For details and proofs see [3] . Now fix F a degree d foliation on P 2 . Let U ⊂ P
2 be a open chart with coordinates (x, y) and let the vector field
. It follows that µ(F , p) ≠ 0 if and only if p ∈ Sing(F ) and
Let C ⊂ P 2 be a smooth projective curve and let {f = 0} be a reduced equation for C near a point q ∈ C ∩ U . If C is F -invariant, we define the Z-index Z(F , C, q) = ord q ( w C ). It follows that Z(F , C, q) ≠ 0 if and only if q ∈ Sing(F ). We need to remark that this definition only works for smooth curves. For the general setting, see [3] . The sum of these indices along C is given by
where k is the degree of C.
If C is not F -invariant, then the tangency index between F and C at q is defined by tang(F , C, q) = dim C Oq ⟨f,w(f )⟩ . This index is not zero only for a finite number of points in C. Their sum is given by the formula:
The indices defined here are integer numbers which are invariant under biholomorphisms. In particular, these indices will be constant on any orbit of an automorphism of the foliation. This is the next object we need to define.
2.3. Automorphism groups. Let v be a degree d homogeneous vector field on C 3 and let ϕ ∈ GL(3, C). The pushforward of v by ϕ
defines a (left) GL(3, C)-action under which the sequence 2.1 is equivariant, if we make some identifications. First notice that the radial vector field R is GL(3, C)-
where div(v) is the divergence of v with respect to dX ∧ dY ∧ dZ. Therefore we may identify H
) with the space of multiples of R and the space of vector fields with zero divergence, respectively. Given a degree d foliation F on P 2 induced by a vector field v, div(v) = 0, and given ϕ ∈ GL(3, C), we say that the classφ ∈ PGL(3, C) = Aut(P 2 ) preserves F if ϕ * v also induces F . Hence, for a fixed finite subgroup G of GL(3, C), its image in PGL(3, C) preserves a foliation F if there exists a character
Definition 2.1. Let F be a foliation on P n defined by a vector field v. The automorphism group of F , Aut(F ), is the maximal subgroup of PGL(3, C) that preserves F .
The proof of Theorem 1.2 will be achieved by classifying the semi-invariant vector fields for a given group. In order to do this we will rely on a list of the possible groups.
Finite subgroups of PGL(3, C).
The classification of finite subgroups of PGL(3, C) was given by Blichfeldt, see [2] . Another great exposition is given by Yu and Yau in [13] . They come in the following types:
• Intransitive imprimitive groups:
(A) An abelian group generated by diagonal matrices; (B) A finite non-abelian subgroup of GL(2, C).
• Transitive imprimitive groups: (C) A group generated by an abelian group and T (X, Y, Z) = (Y, Z, X); (D) A group generated by a group of type (C) and R(X, Y, Z) = (X, Z, Y ).
• Primitive groups having a non-trivial normal primitive subgroup:
-The Hessian group G and its normal primitive subgroups E and F .
• Primitive simple groups:
-The icosahedral group isomorphic to the alternating group A 5 ; -The Klein group isomorphic to PSL(2, F 7 ); -The Valentiner group isomorphic to the alternating group A 6 . Based on this classification, we break our approach in two. First we will deal with the imprimitive groups and later with the primitive ones.
3. Imprimitive groups 3.1. Abelian groups. Every finite order element ϕ < PGL(3, C) is diagonalizable hence has three fixed points in P 2 corresponding to a basis of eigenvectors. Hence, if ϕ not the identity, either its eigenvalues are pairwise distinct and ϕ fixes exactly three points, or it has a two-dimensional eigenspace and ϕ fixes the corresponding line in P 2 and a point on the complement of this line. An element in the later case is called a pseudo-reflection. It follows that a nontrivial element ϕ has k > 3 fixed points if and only it is a pseudo-reflection and k − 1 of these points are aligned.
If a foliation F is invariant by a pseudo-reflection ϕ then the degree of F and the order of ϕ are related by the following:
where m p (F ) is the algebraic multiplicity of F at p.
Proof. Up to a linear change of homogeneous coordinates we can suppose that
where is a root of the unity. In the chart U = P 2 ∖ L we have coordinates (x, y) such that p = (0, 0) and
Let v be a vector field defining F on U . Then
where each v i is homogeneous of degree i and m = m p (F ). We know that P = 0 if and only if L is F -invariant. Computing the pushforward we have that ϕ
From this lemma and the relation between orbits and stabilizers we prove the following.
then F has at most three singularities.
Proof. Fix homogeneous coordinates (X, Y, Z) such that G is diagonal. Let p ∈ Sing(F ). Since the number of singularities of F (counted with multiplicities) is d 2 + d + 1 which is smaller than the order of G we see that the stabilizer H p of p in G is non-trivial. We will prove that H p = G.
From the previous lemma we know that G has an element that is not a pseudoreflection, otherwise G would be bounded by d + 1. In particular, G fixes only the points
Since H p is not trivial then p lies in a G-invariant line. Suppose without loss of generality that p ∈ {Z = 0}. Suppose by contradiction that p ≠ (1 ∶ 0 ∶ 0), (0 ∶ 1 ∶ 0), then H p is cyclic generated by a pseudo-reflection. {Z = 0} is F -invariant: By Lemma 3.1, H p has order bounded above by d. Hence the orbit of p has cardinality bounded below by (d
In this case, Lemma 3.1 tells us that H p has order bounded above by d + 1. Hence the orbit of p has cardinality strictly greater that
3.2. Non-abelian intransitive groups. Let G < PGL(3, C) be a non-abelian intransitive group. It has a fixed point p and leaves invariant a line L ∋ p. Then G is isomorphic to a subgroup of Aut(P 2 ∖ L) = GL(2, C) that we will also call G.
Projecting G to PGL(2, C) gives the exact sequence
where G is the image of the canonical projection and H its kernel. Notice that every element of H is a multiple of the identity of GL(2, C) and the action of G on L factors through G.
A finite non-abelian subgroup of PGL(2, C) is one of the following:
(1) A Dihedral group; (2) The Tetrahedral T isomorphic to the alternating group A 4 ; (3) The Octahedral group O isomorphic to the symmetric S 4 ; (4) The Icosahedral group I isomorphic to the alternating group A 5 .
For a fixed group G, we will search the invariant degree d ≥ 2 foliations that satisfy
A separate analysis will be done in each possible case for G.
Dihedral Case. If G is dihedral then it has an abelian subgroup of index two. Hence G also has an abelian subgroup of index two and a direct consequence of Proposition 3.2 is the following:
Polyhedral Cases. Let F be a degree d foliation defined on P 
In particular, deg(P ) = l + 1 and deg(Q) = l − 1.
(yA − xB) and let ϕ(x, y) = (ax + by, cx + dy) ∈ G. Since
) det(ϕ)P . Computing the hamiltonian of
Then we define Q =
As a consequence of this lemma, the divisors given by the vanishing of div(w) and yA − xB are G-invariant. Notice that they cannot be both trivial. Therefore we can relate the degree l to the sizes of G-orbits in L = P 1 .
Proposition 3.5. Let F be a degree d foliation on P 2 and let G < Aut(F ) be an finite intransitive group such that G is polyhedral. If
then one of the following occurs:
• G ≃ O and F = P 5 defined on P Proof. Let v be a vector field defining F on C 2 , the complement of the G-invariant line. By Lemma 3.4, we have
where P k and Q k are degree k G-semi-invariant homogeneous polynomials. Notice that m ≥ 2 since otherwise v (0,0) would be a common eigenvector for every element of G and this would imply G abelian. Since v has isolated singularities, we have P i ≠ 0 for some i. We will search for the possible P i that satisfy our inequality. From Lemma 3.1 and m ≥ 2 we have that H ≤ d hence
The tetrahedral group has order 12 then the inequality 3.1 implies that d = 2. On the other hand, the smallest T -orbit has four points. Then P i = 0 for all i and no foliation satisfies our hypotheses.
G ≃ O: The octahedral group has order 24 and the inequality 3.1 tell us that d ≤ 6. The smallest O-orbit has cardinality 6, hence P 6 is our only possibility. This implies that d ≥ 5 and again by the inequality ?? H ≥ 4. Hence the only possible Q i ≠ 0 is Q 0 . Therefore
for some a ∈ C * and H = 4. G ≃ I: The icosahedral group has order 60 and its two smallest orbits have cardinalities 12 and 20 respectively. The inequality 3.1 shows that d ≤ 18 which implies that P i = 0 for i ≠ 12 and Q j = 0 for j ≠ 0. Therefore
for some a ∈ C * and H = 10. Up to projective equivalence we have a = 1 and the polynomials P 6 = xy(x ), see [13] , which define P 5 and P 11 respectively.
Transitive groups.
A transitive group of type (C) is isomorphic to a semidirect product A ⋊ Z 3Z where A is abelian diagonal and Z 3Z is generated by T (X, Y, Z) = (Y, Z, X). Therefore, Proposition 3.2 implies the following.
Proposition 3.6. Let F be a degree d foliation on P 2 and let G < Aut(F ) be an finite group of type (C). If
then F has three singularities.
A transitive group of type (D) is isomorphic to a semi-direct product A ⋊ S 3 where A is abelian diagonal and S 3 is generated by T (X, Y, Z) = (Y, Z, X) and R(X, Y, Z) = (X, Z, Y ). The action of S 3 imposes some restrictions on A and we have two cases, see [7] :
2 is generated by two pseudo-reflections
,
where l 3n = 1 primitive.
Proposition 3.7. Let F be a degree d foliation on P 2 and let G < Aut(F ) be an finite group of type D. If
then G is of type D1 and F is projectively equivalent to one of the following:
and B is either symmetric or anti-symmetric with respect to Y and Z, see [6, Proposition 4.8] . Let b denote the degree of B.
In the first case we have d = bn + 1 hence In the second case, d = (b + 2)n − 2 hence
which implies b = 0 and d = 2. Therefore, v defines the foliation S. If G is of type (D2) then it has a subgroup of type (D1) generated by R, T and S 3 , and we fall in one of the two cases described above. Calculating (S 4 ) * v we verify that b ≡ 0 (mod 3) in the first case and b ≡ 2 (mod 3) in the second case. On the other hand, we have respectively
Therefore we have no solutions for d ≥ 2.
Poincaré series and a Molien-type formula
To study the foliations invariant by a primitive subgroup of PGL(3, C) we change our approach to a more direct one through representations of these groups. We refer to [10] for the basic results of Invariant Theory. Since the arguments are valid in any dimension, we state and prove the results for a finite dimensional vector space W .
Let G < GL(W ) be a finite subgroup and let χ ∶ G → C * be a character. We want to describe the homogeneous vector fields v on W such that ϕ * v = χ(ϕ)v, for ϕ ∈ G. In order to do this we will provide a formula that gives the dimension of the space spanned by such vector fields with a given degree.
Let
When M is a finitely generated module over a complex polynomial ring, the HilbertSerre theorem says that P (M, t) is a rational function of the variable t. Given a finite group G, a graded G-module M and a character χ ∶ G → C * , the Reynolds operator
It is an idempotent operator whose image is the submodule M χ of G-semi-invariants with character χ. In particular, the dimension of each homogeneous component of M χ is given by the trace of R χ . If M = C[X 0 , . . . , X n ], for a faithful representation G → GL(n + 1, C) Molien's formula exhibits the rational function:
For a finite subgroup G < GL(W ). We are interested in the G-module V of polynomial vector fields whose divergence is zero. The action is given by the pushforward and the grading given is by the degree. A Molien-type formula is given by the following theorem.
Theorem 4.1. Let G < GL(W ) be a finite subgroup and let χ ∶ G → C * be a character. Then
Proof. First notice that the space of homogeneous polynomials of degree d on W is naturally identified with S 
. On the other hand, for a homogeneous polynomial P , we have ϕ * (P R) = (P ○ ϕ
)R where R is the radial vector field. This gives us the exact sequence of GL(W )-modules
Corresponding to the identifications we see that the GL(W )-action become the following. Given p ∈ S d (W ∨ ), w ∈ W and ϕ ∈ GL(W ) we have that ϕ ⋅ w = ϕ(w), ϕ⋅w = ϕ(w) and ϕ⋅p = p○ϕ
is the matrix symmetric power and the T superscript stands for the transpose. Let us denote
Then taking the direct sum on each term of the sequence 4.2 gives the sequence of graded GL(W )-modules
where the first map has degree one and the second has degree zero. Applying the Reynolds operator associated to G and χ we have
From the degrees of the maps, the Poincaré series of V χ is computed by
We will now calculate the right hand side of this equation. From the definition of R χ we have
On the other hand,
and it follows that
The computation of P (C[W ] χ ; t) follows analogously:
Combining 4.3 and 4.4, we conclude
Recall that when W = C 3 we have
Primitive groups
Let G ⊂ PGL(3, C) be a primitive subgroup. There exists a (not unique) lift G < GL(3, C) given by a central extension
where Z is a finite subgroup of the center of GL(3, C). We will use representations ofG and Theorem 4.1 to describe the G-invariant foliations. All representations and character tables come from [14] , except for the Hessian group.
5.1. The Hessian Group. It is the collineation group of symmetries of the Hesse configuration of twelve lines in P 2 meeting the nine inflexion points of a general cubic given by the equation
To do the computations we will follow [1] . The Hessian group has a triple cover of order 648 in GL(3, C) generated by the pseudo-reflections of order three:
where λ is a primitive cubic root of the unity. The multiplicative characters are determined by their image of any element on the conjugacy class of R 1 , hence there are three: the trivial character χ 0 (R 1 ) = 1 and χ i (R 1 ) = λ i for i = 1, 2. With the conjugacy classes in hand it is straightforward to compute the functions: 
In degree seven, we have the foliation H 7 described in [9] . It is induced by the vector field
It is associated with the extended Hesse configuration of 21 lines on the plane. These vector field were calculated with the classical presentation of the Hessian group given in [2] . The primitive subgroups E of order 36 and F of order 72 of G do not provide any new examples. In fact, [F, F ] ≃ Z 3Z ⋊ S 3 is a subgroup of E of type (D2) whose invariant foliation of smallest degree is H 4 .
5.2.
The Icosahedral group A 5 . It has a lift to SL(3, C) that is isomorphic to itself. We will use the following presentation:
with generators
, the golden ratio. Since its a simple group, the only possible multiplicative character is the trivial one, hence:
However, the inequality 60
Then we have no foliation under our hypotheses.
The Klein group PSL(2, 7)
. It is the celebrated automorpohism group of the Klein quartic of equation
which attains the Hurwitz bound, it has genus 3 and 168 = 84(g − 1) automorphisms. The Klein group is simple and has a representation in SL(3, C) given by:
. This group is simple, hence we only have the trivial character, then:
The inequality 168 > 3(d
Hence no foliation satisfies our hypotheses.
5.4.
The Valentiner group A 6 . It has a perfect triple cover 3 ⋅ A 6 in SL(3, C) of order 1080 given by:
with generators 
Proof of the main result
Now we collect the propositions proved so far to establish Theorem 1.2.
Proof of Theorem 1.2. Let F be a degree d foliation on P 2 such that ∞ > Aut(F ) > 3(d
and F has at least four distinct singular points. If Aut(F ) is imprimitive, then propositions 3.2, 3.3, 3.6 and 3.7 imply that F is projectively equivalent to either P 5 , P 11 , F d , G d or S. We only have to describe the automorphism groups of P 5 and P 11 since the others were given explicitly.
We have that Aut(P 5 ) projects onto the octahedral group in PGL(2, C) however it does not contain the Binary Octahedral group. Then, by [7, Lemma 4. where I is the Binary Icosahedral group. If Aut(F ) is primitive, then Proposition 5.1 implies that F is projectively equivalent to either H 4 or H 7 and Aut(H 4 ) = Aut(H 7 ) is the Hessian group. This concludes the proof.
Further Remarks
The foliations F d , H 4 , and H 7 have been already described in [9] . In particular, they all have rational first integral. The same is true for the foliations G d . One can verify directly that G d is given by the levels of the rational function
which also says that G d , d ≥ 5, is birational to a nonisotrivial hyperbolic fibration. In particular, they are foliations of general type. The foliation S also has a rational first integral:
Hence it is birationally equivalent to a rational fibration. The foliations P 5 and P 11 do not have rational first integral but are particularly special. Both are given in a affine chart by a vector field v = x + ∂P ∂y ∂ x + y − ∂P ∂x ∂ y where P (x, y) is a square free homogeneous polynomial. For any such foliation, all singularities are nondegenerate, either dicritical or reduced. After a resolution of the dicritical singularities, one can readily compute the numerical Kodaira dimension and conclude that these foliations are of general type for deg(P ) ≥ 4.
On the other hand, by taking another chart we see that this foliation is given by the Bernoulli equation: deg(P )P (x, 1) dz dx = z ∂P ∂x (x, 1) − z deg(P )−1 .
In particular, we have a Liouvillian first integral, see [4] . We also remark that the Molien type formula given in Theorem 4.1 is a standard tool in the Invariant Theory of Finite Groups. It can be easily generalized to other contexts. For instance, to study higher dimensional foliations.
